In the framework of Berthelot's theory of arithmetic D-modules, we introduce the notion of arithmetic D-modules having potentially-unipotent monodromy. For example, from Kedlaya's semistable reduction theorem, overconvergent isocrystals with Frobenius structure have potentially unipotent monodromy. We construct some coefficients stable under Grothendieck's six operation, containing overconvergent isocrystals with Frobenius structure and whose object have potentially unipotent monodromy.
Let V be a complete discrete valued ring of mixed characteristic (0, p), K its field of fractions, k its residue field which is supposed to be perfect. Let X be a smooth quasi-projective k-variety, Z := X −Y be a simple normal crossing divisor of X, let Z = ∪ r i=1 Z i be the decomposition of Z into irreducible components and ∏ r i=1 Σ i be a subset of (Z p /Z) r . Let E be an overconvergent isocrystal on (Y, X/K). Atsushi Shiho defined (see the end of the definition [Shi10, 3.9] ) the notion of overconvergent isocrystals having ∏ r i=1 Σ i -unipotent monodromy. When Σ i = {0}, we retrieve Kedlaya's unipotent monodromy (see [Ked07] ). Without non Liouvilleness conditions, these isocrystals have no finite cohomology and in particular they are not (over)holonomic. If Σ is a subgroup of Z p /Z with none p-adically Liouville numbers, then it follows from [CT12, 2.3.13] that an overconvergent isocrystals with Σ r -unipotent monodromy are overholonomic. We recall that with Frobenius structures, we already know the stability under Grothendieck's six operations of the overholonomicity (see [CT12] ) but, without Frobenius structures, the stability under tensor products is still an open question. In this paper, in the framework of Berthelot's arithmetic D-modules, we introduce the notion of arithmetic D-modules having potentially Σ-unipotent monodromy (see 2.2.4). For example overconvergent isocrystals having potentially means that they get Σ r -unipotent monodromy after some generically etale alteration. By descent from this alteration, we check that they are overholonomic. Moreover, a reformulation of Kedlaya's semistable reduction theorem (see [Ked07, Ked08, Ked09, Ked11] ) is that overconvergent isocrystals with some Frobenius structure have potentially unipotent monodromy. We also introduce the notion of arithmetic D-modules having quasi-Σ-unipotent monodromy (see 2.3.1). These coefficients are overholonomic, contain isocrystals having potentially Σ r -unipotent monodromy and are stable under Grothendieck's six operations and base change. Finally, we construct some coefficients stable under Grothendieck's six operation and base change, containing overconvergent isocrystals with Frobenius structure and whose objects have potentially unipotent monodromy.
Convention
Let Σ be a subgroup of Z p /Z with none p-adically Liouville numbers. We choose τ : Z p /Z → Z p a section of the canonical extension Z p → Z p /Z such that τ(0) = 0. Let V be a complete discrete valued ring of mixed characteristic (0, p), K its field of fractions, k its residue field which is supposed to be perfect. A formal scheme over V means a formal scheme for the p-adic topology. The special fiber of a formal scheme over V will be denoted by the corresponding capital roman letter. If we do not specify, a realizable variety means a realizable variety over V i.e. a k-variety Y such that there exists an immersion of the form Y ֒→ P where P is a proper smooth formal scheme over V. A quasi-proper smooth formal scheme over V is a smooth formal V-scheme such that there exists an open immersion of the form P ֒→ Q, where Q is a proper smooth formal V-scheme. A frame (resp. proper frame) (Y, X, P) or (Y, P) over V means that P is a quasi-proper (resp. proper) smooth formal scheme over V, X is a closed subscheme of the special fiber P of P and Y is an open of X. If there is no ambiguity, we simply say frame (resp. proper frame). A couple (resp. proper couple) (Y, X) over V means the first data of a frame (resp. proper frame) over V of the form (Y, X, P).
Formalism of Grothendieck six operations for arithmetic D-modules
1.1 Data of coefficients 1.1.1. We recall some basic isomorphisms we need to keep in mind later.
X ′ ), we have the base change isomorphism
(1.1.1.2) 1.1.2 (Base change and its commutation with Grothendieck six operations). We denote by DVR(V) the category whose objects are morphisms of complete discrete valued ring of mixed characteristic (0, p) with perfect residue field of the form V → W and whose morphisms from
, push forwards commute with base change. The commutation of base change with extraordinary pull-backs, duals functors (for coherent complexes), tensor products is straightforward. Hence, base change commutes with Grothendieck six operations.
We will say that the coefficients of C are (or that the data of coefficients C is) stable under push-forward if for any proper morphism g : X ′ → X of quasi-proper smooth formal schemes over W, for any objet
2. We will say that the coefficients of C are stable under extraordinary pull-backs if for any object W of DVR(V), for any morphism f : Y → X of quasi-proper smooth formal schemes over W, for any objet
3. We will say that the coefficients of C are stable under base change if for any morphism W → W ′ of DVR(V), for any quasi-proper smooth formal scheme X over W, for any objet
4. We will say that the coefficients of C are stable under tensor products (resp. duals) if for any object W of DVR(V), for any quasi-proper smooth formal scheme X over W, for any objects E (•) and
5. We will say that the coefficients of C are stable under local cohomological functor, if for any object W of DVR(V), for any quasi-proper smooth formal scheme X over W, for any object E (•) of C(X), for any subvariety Y of the special fiber of X, we have
6. We will say that the coefficients of C are stable by devissages if for any object W of DVR(V), for any quasiproper smooth formal scheme X over W, for any exact triangle E
X ), if two objects are in C(X), then so is the third one.
7. We will say that the coefficients of C are stable under direct factor if, for any object W of DVR(V), for any quasiproper smooth formal scheme X over W we have the following property:
X ) of an object of C(X) is an object of C(X).
8. We say that C contains D if for any object W of DVR(V), for any quasi-proper smooth formal scheme X over W the category D(X) is a subcategory of C(X).
9. We say that the data of coefficients C is local if for any object W of DVR(V), for any quasi-proper smooth formal scheme X over W, for any open covering (X i ) i∈I of X, for any object
Remark 1.1.6. We can also define a notion of data of coefficients by replacing in 1.1.4 the categories of the form
We can also get analogous definition of stability properties since the cohomological operations commute with the equivalences of categories of the form 1.1.3.1.
(Duality)
. Let C be a data of coefficients. We define its dual data of coefficients C ∨ as follows: for any object W of DVR(V), for any quasi-proper smooth formal scheme X over W, the category C ∨ (X) is the subcategory of
. From the relative duality isomorphism (see [Vir04] ), we remark that if the coefficients of C are stable under push-forwards, then so are that of C ∨ .
Examples: overcoherence, overholonomicity after any base change
Definition 1.2.1. Let C and D be two data of coefficients.
1. We denote by S 0 (D, C) the data of coefficients defined as follows: for any object W of DVR(V), for any quasiproper smooth formal scheme X over W, the category
satisfying the following properties :
(⋆) for any morphism f : Y → X of quasi-proper smooth formal W-schemes, for any
2. We denote by S(D, C) the data of coefficients defined as follows: for any object W of DVR(V), for any quasiproper smooth formal scheme X over W, the category
X ) of objects E (•) satisfying the following property:
Examples 1.2.2.
1. Let D cst be the data of coefficients defined as follows: for any object W of DVR(V), for any quasi-proper smooth formal scheme X over W, the category D(X) is the full subcategory of
X ) whose objects are of the form B (•) X (T ), where T is any divisor of the special fiber of X (this is the object corresponding via the equivalence of categories 1.1.3.1 to the sheaf of sections with overconvergent singularity
2. Let C be a data of coefficients which is local and satisfies the following property: for any object W of DVR(V), for any closed immersion u + : X ′ → X of quasi-proper smooth formal schemes over W, for any object 
XQ ) (this latter category is defined in [Car09a, 3] 2. By construction, we remark that LD − → b Q,ovhol is the biggest data of coefficients which contains D cst , is stable by direct push-forwards, extraordinary pull-backs, dual functors and the operation S 0 (D cst , −).
Moreover, LD − → b
Q,h is the biggest data of coefficients which contains D cst , is stable by direct push-forwards, extraordinary pull-backs, base changes, dual functors and the operation S(D cst , −).
Construction of stable coefficients under Grothendieck six operations and base changes
1.3.1 (Formalism of Grothendieck six operations). Let C be a data of coefficients which is stable under local cohomological functors, push-forwards, extraordinary pull-backs, duals. We can define a formalism of Grothendieck operations on couples (as defined in [AC13b] for overholonomic complexes with Frobenius structure) as follows.
Let Y := (Y, X) be a couple over V. Choose a frame of the form (Y, X, P). Let C(Y, P/K) be the full subcategory of C(P) of objects E such that there exists an isomorphism of the form E ∼ −→ RΓ † Y (E). The category C(Y, P/K) does not depend, up to a canonical equivalence of categories, on the choice of the proper frame (Y, X, P) enclosing (Y, X). So, we can also simply write
, which will be denoted by θ ! or (b, a) ! (since, up to canonical equivalences of categories, this does not depend on the choice of θ enclosing (b, a) ).
Suppose that θ is complete, i.e. that a :
If moreover the data of coefficients C is stable under tensor products, then the bifunctor 
with five of Grothendieck cohomological operations (the tensor product is a priori missing).
2. Via the equivalence 1.1.3.1, the subcategory
3. From [AC13b, 1.2] (with the remark that the Frobenius structure is useless and that this commutes with base change), with the notation of 1.3.1, there is a canonical t-structure on D b h (Y/K), whose heart, the category of overholonomic modules on Y/K after any base change, is denoted by H(Y/K). Finally, we denote by H i t the ith space of cohomology with respect to this canonical t-structure. With this canonical t-structure, for any integer n ∈ Z, one get the subcategories D 
Suppose that D is stable under extraordinary pull-backs, base change and tensor products and that
3. If the coefficients of C are local (resp. stable under devissages, resp. stable under direct factors), then so are C ∨ and S(D, C). Proof. First, we check by induction on i ∈ N that the data of coefficients T i (D, C) contains D and is stable by devissages, direct factors, push-forwards, extraordinary pull-backs, base changes (which implies such stability property for T (D, C)). From 1.3.3, this can be checked for T 0 (D, C). Suppose that this is true for T i (D, C) for some i ∈ N. Since D is almost stable under duals, then
The coefficients of S(D,
Since D is stable by tensor products, extraordinary pull-backs, base changes and is contained in C, then using 1.
we get that D is contained in T i+1 (D, C). The stability of T i (D, C) and next of T i+1 (D, C) by devissages, direct factors, push-forwards, extraordinary pull-backs, base changes is a consequence of 1.3.3. Since T i+1 (D, C) is contained in T i (D, C) and T i (D, C) is contained in T i (D, C) ∩ T i (D, C) ∨ , by construction, the tensor product of two objects of T i+1 (D, C) is an object of T i (D, C) and the dual of an object of T i+1 (D, C) is an object of T i (D, C). Hence, we get the stability under dual functors and tensor products of T (D, C).
Then, using 1.3.3, we get the stability under local cohomological functors of T (D, C). Remark 1.3.7. We keep the notation and hypothesis of 1.3.6. 
If the data of coefficients C is local, then so is T (D, C).
Notation 1.3.8. Let D and C be two data of coefficients satisfying the hypotheses of the proposition 1.3.6. We suppose moreover that C is local. We define the data of coefficients T max (D, C) (resp. T min (D, C)) as follows: for any object W of DVR(V), for any quasi-proper smooth formal scheme X over W, the category
X ) of objects E (•) satisfying the following property :
(⋆ ⋆ ⋆) there exists a data of coefficients B (resp. for any data of coefficients B) which is local, included in C, containing D and stable by devissages, direct factors, local cohomological functors, push-forwards, extraordinary pullbacks, base changes, tensor products, duals and such that E (•) ∈ B(X) (resp. we have E (•) ∈ B(X)). X ), which will be denoted by C(X). If there is no ambiguity with V, we simply say a data of coefficients with potentially Frobenius structure C.
Data of coefficients with potentially
As in 1.1.5, we define the notion of local data of coefficients with potentially Frobenius structure over V, of its stability under extraordinary pull-backs, push-forwards, base change (of course, we restrict here to morphism in DVR(V, σ)), devissage, tensor products, dual functors, local cohomological functors. Remark 1.4.3. We notice that by definition, a data of coefficients over V induces by restriction a data of coefficients with potentially Frobenius structure C over V.
Constructible t-structure for overholonomic complexes after any base changes
For completeness (this will not be useful in this paper), we extend Tomoyuki Abe's definition of constructibility in the context of overholonomic complexes after any base changes by introducing a new way of defining it (i.e. by devissage).
1.5.1.
Let (Y, X, P) be a frame (over V) such that Y is smooth and Z := X \ Y is a divisor of X. We recall that Isoc † † (Y, X/K) means the category of overcoherent isocrystal on (Y, X, P) (see its construction in [Car11b] ). This is a full subcategory of that of overcoherent D † P ( † Z) Q -modules with support in X, which explains the terminology (see also the equivalence of categories 2.1.1.1). We also denote by
whose cohomological spaces are objects of Isoc † † (Y, X/K). We recall that when P is proper, since these categories does not depend on X (because X is proper) up to canonical equivalences of categories, we can simply write them
We recall that because they have not necessary some Frobenius structure, the objects of Isoc † † (Y, X/K) are not always (over)holonomic. Since the context of overholonomic complexes after any base change is a minimum (see the remark 1.3.7.1), this is the reason why we introduce the following categories. 
Let
, where H i t means the ith spaces of cohomology with respect to the canonical t-structure (see the notation of 1.3.2.3). With the notation of 1.3.2.3, for any integer n ∈ Z, one get the subcategories
We denote by LD
− → b Q,h-isoc (Y/K) the full subcategory of LD − → b Q,coh ( D (•) P ) of objects E (•) such that lim − → E (•) ∈ D b h-isoc (Y/K).
(Constructible t-structure). Let
We define on D b h (Y/K) the constructible t-structure as follows.
1
..,r of Y such that for any i, the complex i
..,r of Y such that for any i, the complex i 2 Around unipotence 2.1 Σ-unipotent monodromy Definition 2.1.1. Let (Y, X, P) be a frame (over V). We suppose that X is smooth, Z := X − Y is a simple normal crossing divisor of X and let Z = ∪ r i=1 Z i be the decomposition of Z into irreducible components. We put Y := (Y, X).
1. We recall that from [Car11b] , we have the equivalence of categories of the form 
Let
We say that E "has Σ-unipotent monodromy" if, for any integer i, the module H i (E) has Σ-unipotent monodromy (recall that, since Z is a divisor of X, then H i (E) = H i t (E)). We will denote by D b isoc,Σ (Y/K) the full subcategory of D b isoc (Y/K) whose objects have Σ-unipotent monodromy.
We denote by LD
be a morphism of frames over V. We suppose that X and X ′ are smooth, Z := X − Y (resp. Z ′ := X ′ − Y ′ ) is a simple normal crossing divisor of X (resp. X ′ ). We put Y := (Y, X) and 
and a similar one by replacing "D" by "LD − → Q ".
2.1.3.
Let (Y, X, P) be a frame over V. We suppose that X is smooth, Z := X − Y is a simple normal crossing divisor of X.
The category LD
is stable under base change, i.e. for any object W of DVR(V) with field of fraction K ′ , for any
Indeed, using 2.1.5, by devissage, we can suppose that E and F are in fact objects of Isoc † † Σ (Y/K). Denoting by ⊗ the usual tensor product of Isoc † † (Y/K) (this corresponds to the Berthelot's tensor product of overconvergent isocrystals). Using [Shi10, 3.16 ] (or better [Shi10, 3 .17]), we get that E (resp. F) comes from a log convergent isocrystal G 1 (resp. G 2 ). If Exp(G 1 ) and Exp(G 2 ) are the exponents of respectively G 1 and G 2 then the exponents of G 1 ⊗ G 2 is Exp(G 1 ) + Exp(G 2 ). Hence, again using [Shi10, 3.16], we get that E ⊗ F ∈ Isoc † † Σ (Y/K). This implies the isomorphism (for instance, see [Car08] ): 
− → b Q,isoc,Σ (Y/K) (resp. D b isoc,Σ (Y/K)) is a triangle subcategory of LD − → b Q,h ( D (•) P ) (resp. D b h (Y, P/K)).
A direct factor in LD
− → b Q,coh ( D (•) P ) of an object of LD − → b Q,isoc,− → b Q,Σ ( D (•) P ) (resp. of D b Σ (D † PQ )). Proof. Let F ∈ D b Σ (D † PQ ).
